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A differential equation of third order for spinor potentials is proposed, that modifies the 
dynamics o f the nonlinear spinor theory. W e derive a symmetrical eigenvalue equation using 
functional integration techniques. This equation and a momentum symmetrized equation — a 
simplified form o f the mass eigenvalue equation proposed b y Stumpf — are applied to calculate 
mass eigenvalues. B y a special combination of both methods it is possible to weaken the regulari-
zation dipole in Heisenberg's theory and thereby produce better boson masses. Finally, the modi-
fied theory allows a self-consistent calculation of the fermion propagator. 

1. Introduction 

If canonical quantum theory is applied to rela-
tivistic elementary particle physics, it leads to the 
well known divergence difficulties. To avoid these 
divergences HEISENBERG 1>2 introduced an inde-
finite metric in the space of physical states. Hence 
the metrical structure of that space is not known 
from the beginning, but will emerge from the solu-
tion of the theory. Consequently, the field operators 
which act in this unknown space cannot be well-
defined objects. Therefore to formulate the theory 
only the transition matrix elements are left, or their 
generating functionals. 

In functional quantum theory, as established and 
described in detail by STUMPF in several papers 3>4-5, 
one tries to calculate all physical information of a 
quantum theory with the aid of functionals, mean-
ing that not only eigenvalues have to be computed 
using stationary functionals, but especially the 
^-matrix has to be expressed in terms of scattering 
functionals. For that purpose one not only has to 
formulate the dynamical equation in functional 
space, but all the additional conditions as well re-
presenting the subsidiary conditions for the de-
finition of quantum numbers for stationary func-
tionals and the asymptotic conditions for scattering 
functionals including their normalization. This pro-
gram has already been carried through to a great 
extend. The calculation of the /S-matrix is the main 
purpose of functional quantum theory. But the 
eigenvalue kernels occur in the scattering func-
tionals too, therefore it is convenient to study eigen-
value equations first. 
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We will not only discuss Heisenberg's well known 
nonlinear spinor theory, but a dynamically modified 
theory as well, which seems to be more suitable for 
later scattering calculations and which allows a self-
consistent determination of the fermion propagator. 
In chapter 2 the new equation of third order for 
spinor potentials is proposed. 

In chapter 3 symmetrized eigenvalue equations 
are derived by means of an indefinite functional 
integration. This procedure avoids the use of a spe-
cial conserved quantity and nevertheless allows the 
formal solution of the functional equations. Thus, 
one is able to formulate approximation methods in 
an elegant way. In chapter 4 the lowest approxima-
tions are calculated explicitly. The corresponding 
approximations of a simplified form of the mass 
eigenvalue equation proposed by STUMPF6 are also 
calculated. Both methods are applied to Heisen-
berg's form of the nonlinear spinor theory too. In 
this case a special combination allows the weaken-
ing of the regularization dipole to obtain better bo-
son masses. 

In Chapter 5 the fermion propagator of the modi-
fied theory is calculated selfconsistently. Besides 
some technical details in the appendix a reformula-
tion of both theories is sketched in terms of ca-
nonical fields. 

2. A Dynamically Modified Spinor Theory 

In Heisenberg's unified field theory of elementary 
particles 2 a nonlinear spinor equation of first order 
is postulated. The vacuum twopoint function F is 
regularized by a dipole of mass zero. We will refer 
to this as dipole theory. The modified theory will 
be regularized by a simple pole of mass zero. We 
will call it pole theory. 
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Similar to some recent papers on nonlinear spinor 
theory 7 - 1 0 we interpret the basic field as spinor 
potential. Differentiating this potential we generate 
physical fields which satisfy canonical commutation 
relations. Therefore the spinor potential itself satis-
fies noncanonical commutation relations and it be-
comes necessary to introduce an indefinite metric 
in the space of physical states. Up to now a dif-
ferential equation of first order was postulated for 
this spinor potential. In this case the theory is scale 
invariant at small distances and hence formally 
renormalizable. Its renormalization has been stud-
ied in lowest order perturbation theory11. A proof 
of the renormalizability in each order, however, 
seems to be very complicated, because of the two 
kinds of propagators involved. Therefore the topo-
logical structure of the graphs is more intricate 
than in quantum electrodynamics. 

To avoid those difficulties in the present paper a 
differential equation of third order for the spinor 
potential is postulated. Like Heisenberg's dipole 
theory the new pole theory is superrenormalizable, 
thus no divergences occur in perturbation calcula-
tions. Because of the third time derivation not only 
does the vanishing equal-time-commutator appear 
in the functional equations, but the equal-time-
commutator of the derivatives — i.e. the physical 
fields — which does not vanish (Appendix 1). There-
fore in the pole theory one is able to calculate the 
fermion propagator (Chapter 5). This is possible in 
spite of the indefinite metric indicating that it is 
more harmless here than in the dipole case. 

For we may rewrite the pole theory in terms of 
the canonical physical fields alone which then satisfy 
a nonlocal differential equation. Such a canonical 
formulation is possible in the dipole theory too, but 
there the canonical ^o-term is subsequently com-
pensated by the more nonlocal interaction, thus one 
cannot calculate the fermion propagator in an easy 
way. In the pole theory such compensation does 
not occur (App. 1). 

The group theoretical structure of the pole theory 
is completely taken from Heisenberg's dipole theo-
ry 2. Consequently we consider two-component Weyl 
spinors as a representation of the Lorentz group, 
because only then a unique local interaction term 
is possible, whereas with four-component Dirac 
spinors the well known five interaction terms are 
allowed. It is true that each Dirac theory can be 
formulated with Weyl spinors too12 , but only the 

(v —a)-coupling of the Dirac theory remains local 
in Weyl's formulation. The other four combinations 
yield derivative couplings. In another paper I shall 
come back to this point in more detail, there I will 
discuss scattering functionals for incoming free mas-
sive particles within the framework of Weyl's for-
mulation. 

To describe isotopic spin the number of com-
ponents has to be doubled13. For technical reasons 
we will deal with a Hermitean representation of the 
spinors, therefore we have to double the number of 
components once more14 . We will use the notation 
of Dürr and Wagner for the representation matrices. 

It is possible to describe the pole and dipole theory 
simultaneously. Common statements are written 
without special indices, special forms are marked 
with a " p " resp. " d " for the pole resp. dipole 
theory. Especially we use the function 

frp — 1 for the pole theory, 
r • | rd = o for the dipole theory. * ' 

Both theories are defined by functional equations 
for the respective r-functionals 

00 in 
: = I T a i . . . a „ |?ai • • • ?oc„) • ( 2 ) 

n = 0 ' 

The existence of the anticommuting sources j is 
guaranteed by explicit construction in a functional 
representation space 4 which shall not be mixed up 
with the space of physical states. To simplify the 
notation we will include the dependence on the co-
ordinates also in the index. Repeated indices hence 
always indicate a summation over spinor indices 
and a 4-dimensional integration over the correspond-
ing space-time variable. 

In the usual operator formalism (App. 1) the r-
functions Tai --otn are matrix elements of time-
ordered products of field operators between the 
vacuum and the state considered. One derives a 
functional equation for the r-functional from an 
operator field equation and commutation relations. 
In functional quantum theory the functional equa-
tion itself serves as the definition of the theory: 

Dtxß 0 0 1 % ( ; ) > = r qo ja — Vaßyö (dß dy da 

+ 3 F ß y d , ) } \ Z ( j ) > . ( 3 ) 

dß denotes the functional derivative d/öjß, r is the 
function defined in (1). The vertex operator V does 
not contain derivatives. 

K2 
Vxßyö = ~2 <5 (a?a — Xß) & (z* — Xy) <5 ( x a — xd) V^ßvo 



where Ta/j^does not depend on the space co-ordi-
nates. V is explicitly given by DÜRR and WAGNER 1 4 . 
The DXß is a Hermitean, purely imaginary anti-
symmetrical differential operator of third order in 
the pole theory, of first order in the dipole theory. 

e d i 
D(xß := irißdix* — xß) dx ßfl 

(5) 

with rvaß a symmetrical and real matrix which trans-
forms like a 4-vector under Lorentz transformations. 

The vacuum twopoint function or fermion pro-
pagator has the form 

r *f> Pf -Hp,X a~Xß) 

r v transforms with the conjugate representation of 
F v . One has 

TVaßpVr^pß = deny p~ , T% = n ß = daß . (7 ) 

In the explicite form of Dürr and Wagner is 
[A j P i ß : = - (8) 

In F we omitted the usual factor m 4 _ 2 r in the 
numerator of the integral (6). Then the fields have 
the natural (length-)dimension defined by the sin-

gularity of F for equal arguments, 

dim ip = k — r. 

The coupling constants K2 in both theories hence 
have the dimension (mass)2 as usual in super-
renormalizable theories. 

With the functional Eq. (3) the pole theory is 
defined in the main. One has to clarify only how 
to treat the regularization pole. Like the dipole in 
Heisenberg's theory the pole is supposed to belong 
to no physical particles. Hence no imaginary parts 
should start at the corresponding thresholds. You 
may suppress them by taking the principle value at 
the | p (-integration2, or by taking a suitable limit 
from imaginary masses towards zero15-16, or by 
calculating all integrals with the Feynman i £-pre-
scription and cancelling all "wrong" imaginary parts 
afterwards16. We will use the last method without 
answering the question how far it will be possible to 
interpret such a procedure physically, as it has been 
done in the dipole casein lowest approximations2 '17. 

The question is now to solve Eq. (3). First of all 
we invert the differential operator D with the aid 
of the Green's function 

a a — ; n - 1 _ f dAP r'aßPv -i<p.x„-x°.) 
V-ß ' aß — (2 TT)4 (p2) l+r e 

Ö« I £(?')> = {rQ0G0Lßjß + »GW Jaw(öfl0yö« + 3 Fßv dö)} | £(?)> . 

(10) 

(11) 

We neglect possible inhomogeneous terms since at 
present we consider stationary functionals only. 
Therefore it does not matter that we had to invert 
a differential operator of third order. For scattering 
functionals one has to examine the inhomogeneous 
terms carefully. Like the mass zero pole in F the 
mass zero pole in G shall correspond to no physical 

particles. In higher approximations one pole will be 
dressed to a finite physical mass. 

In the next chapter we will invert the functional 
differential operator too. Before doing that we intro-
duce the usual 99-functional which is supposed to be 
more suitable for approximations2 '18. Its connec-
tion to the r-functional is expressed by the Wick 
rule as used in conventional perturbation theory 

(12 
n = 0 

The ^-functions are the r-functions in^which all twopoint functions F are subtracted out. From (11) we 
get the equation for | <£(?)> 

e « | 0 ( 7 ) > = o « O \ 0) I & ( ; ) > : 
= {(rgoGzß - Faß) jß + iGaa- V*'ßvö(dßdydö + 3 Fßvdö)} | <*>(?)> (13 ) 

with the notation 

da : = 0 a + Faßjß. 

To solve (13) one has to ask for subsidary con-
ditions which restrict the manifold of solutions and 

(14) fix the quantum numbers of the physical state con-



sidered. For example the momentum condition reads 
for a state with momentum 

pn\$y = l »\0y (15) 

with the momentum operator in functional space 

P»-- = (utißZß), PSß:= (l/i)t«ßd/teßM. ( 16 ) 

We do not need explicitly the corresponding opera-
tors for other quantum numbers19. 

3. Symmetrical Approximation 
by a Functional Integration 

3.1. The average problem 

The functional Eq. (13) singles out one co-ordinate 
in the corresponding -system (App. 2). The exact 
^-functions as well as the r-function are (anti-Sym-
metrical in all variables, hence all approximations 
should be symmetrical too and the co-ordinates 
should all be treated the same. Therefore some 
averaging procedure is necessary. The obvious av-
erage 

(7«0«)|0> = O«Oa)|0> (17) 

is not satisfactory, because you cannot invert the 
operator {j8) without some trouble. One has 

O'0)|?"> = » | ? " > (18) 

and (jd) is not the identity. For later applications 
we are looking after the following form of (13) 

|<5> = G|<£> (19) 

to formulate functional approximation methods. 
One possibility is to use a conserved quantity for 

an averaging method, especially the mass6. From 
(15) we get for a state with momentum I» 

/ n | 0 > = ( 7 > * ö ) | 0 > = ( ? > " £ ) |0> (20) 

and hence for this mass average with m2 = Iß 

I<*>0")> = i I» = Ö" 

= (i V O ) (j Va O ) I = : ®TO I • (21) 

For explicite calculations this (£m has the disadvan-
tage, that it is quadratic in £), hence the lowest 
approximation to (21) contains an iteration of (13) 
already. Therefore in the lowest boson calculation 
already you have the task of angular momentum 
reduction. This complicated problem for vector bo-
sons is treated by SCHEERER20. For scalar bosons 

there is simpler way. In this paper we use instead 
of the mass average G™ essentially the first line of 
(21) i.e. a momentum average 

(22) 

We use 1 / / 2 instead of 1 /m2 for later convenience. 
The integrals then have the same asymptotic be-
havior as in the case of the integral average derived 
in Section 3.3. At an eigenvalue is I2 = m2 in any 
case. 

But this momentum average too is sometimes not 
very suitable, because it creates additional powers 
of momenta in Feynman integrals. First of all the 
evaluation of those integrals becomes more com-
plicated, but they may even diverge in some cases. 
You will find examples in Chapter 4 during the ex-
plicit calculations. So we are looking after another 
average method. 

3.2. An average by functional integration 

The simplest way to average (13) is the direct 
inversion of the functional differentiation. It can be 
done by an indefinite functional integration, which 
has been used by the author to develop functional 
recursion formulae in the case of the anharmonic 
oscillator21. 

Functional integrals which map functionals on 
real numbers require careful considerations about a 
suitable integral measure. Such integrals are neces-
sary to answer questions of convergence of approxi-
mation methods and have been studied by many 
authors22. We need an indefinite functional integral 
which maps functionals on functionals. We define 
this integral as the inverse of the functional dif-
ferentiation 

J dj* I 3 a (/)> = I © (?)> :<> 0« I @ (?)> = I 3 a (j)> • (23) 
That means, our integral is not an infinite di-

mensional volume integral but an infinite dimensio-
nal line integral. 

The main properties of this integral follow im-
mediatly from (23) 

M < 5 ? a | 5 a ( ? ) > = | ^ 0 ' ) > , (24) 

J <5?a 0a I © (?')> = I © (?)> + c o n s t . (25) 

Other properties are deduced from respective pro-
perties of the functional differentiation, e.g. the 
linearity 

j (5?a I a 3a + b @a> = a J fy'a | 3a> + & J <3/a | © a > 



or the rule of partial integration 

J <5/a | @1 (6a ©2)> = | ©1 © 2 > - J dj* | (0a ©l) ©2> . (27) 

In the framework of functional quantum theory the 
existence of this indefinite integral is guaranteed, 
because we may expand each functional in terms 
of the basic functionals | jn}. The remainding inte-
grals over power functionals are evaluated with 

ao /ao...<Xn I j<xi • • • jtx^) n 1 /ao...an I /ao • • • 
+ const. (28) 

Moreover, we are never to evaluate an integral ex-
plicitly. In all applications there is at least one func-
tional differentiation on the left hand side of each 
integral, thus all integrals drop out again with (24). 
Hence we are allowed to omit the free integration 
constant in the following equations. 

With the aid of the new integral (23) we get 
from (13) 

I $ (?)> = J <5?a Da I 0 (?)> = (j)> . (29) 

The j in (28) anticommute, hence from / the anti-
symmetrical part only is left over. Therefore the 
integral (23) serves as an average procedure and it 
yields the symmetrization of the ^-function system 
(see App. 2). 

In Chapter 4 eigenvalues are calculated with this 
integral average ß1 and the momentum average (iri. 
Naturally we have to approximate (29) resp. (23). 
The form of this eigenvalue equation allows a simple 
formulation of approximation methods. 

3.3. Approximation methods 

Let us define projection operators Pre in func-
tional space, projecting on the basic power func-
tionals 5. 

P n : = n! | Dn (<*i... ara)> <.Dn (on... a„) | . (30) 

The basic states are given by 

| Dn ( a i . . . an)> := jai... jan | 0 ) , (31) 

< D „ ( a i . . . a „ ) | : = |D„(ai ...<*„)>+ (32) 

with the orthonormalization properties 

(Dn ( a i . . . a.n) | Dm (ßi... ßm)y (33) 

= ^ » r a 2(-)vö(^i-Pißi)) "'ö(ctm—p{ßm)). 

For the projection operators (30) we have now 

pin | Dn (ai • • • an)> = dmn \ Dn (<*i... aw)> , (34) 

Pm P « = fimn Pn • (35 ) 

For each set of quantum numbers there is a 
smallest q with cpe 4= 0 and cpv = 0 for v<q, e. g. for 
a state of baryon number N, spin S and isospin I 
we have q = max(|2V|, 2 S , 2 I ) . For the 99-func-
tional of this state we have 

P,|<Z>> = 0, v — 0 , 0 — 1, (36) 

|<Z>e>:=Pe|<Z>>*0. (37) 

We denote the sum of the higher projection opera-
tors with oo 

(38) 
» = e + i 

Now we are able to write the eigenvalue Eq. (19) 
as an equation for \0g) alone5 

|0e> = Pe@(|0e> + M , i 0 » , (39) 

Mg I <Z>> - Me@(| &o> + Mo 1<Z>>) . (40) 

Solving (40) formally we get 

M, I 0} = [1 - Me ß]-1 Me e I 0Qy (41) 

and finally 
|0e> = P e@[l - M g ö]-11 0 e } . (42) 

We have to solve (42) together with respective sub-
sidiary conditions for the discrete quantum num-
bers to obtain mass eigenvalues. 

Of course the problem is the construction of the 
inverse operator in (42). The simplest method con-
sists of an expansion in Neumann's series 

|0ff> = P t f GZ(M*G) '|0 ,> . (43) 
v = 0 

That leads to an expansion in powers of the coupling 
constant, in which the exact twopoint function F 
occurs. 

In analogy to the NTD-method2 we may neglect 
in the system (39) — (40) all P„| v^N for a 
certain N and may try to solve this truncated 
system. 

In this paper we make use of the first nonvanish-
ing term of (43) for numerical calculations. Cor-
responding approximations have been used in non-
linear spinor theory most of all2. Indeed, the inte-
gral average in the dipole theory leads to the well 
known results. 



4. Calculation of Mass Eigenvalues 

We approximate the mass spectral function q (ra2) 
of the fermion propagator F (6) by d (ra2 — x2), then 
F has a pole at the nucleon mass x. We will came 
back to the selfconsistency of this assumption in 
Chapter 5. If we denote Fourier transforms by a 
tilde we obtain from (6) 

Faß = iTZßPvIUp2 - *2) (V2)2"r] =: TvaßFv(p) • (44) 

1047 

4.1. Fermion mass eigenvalue equation 

We will derive an equation for the nucleons first. 
With 8 = I = b B = 1 we get q= 1 and 
from (43) 

| 01> = Pi © I <Z>i>+ Pi © Ml e 10!> + • •. (45) 
The first term vanishes, hence we have to deal with 
the second term to get a nontrivial equation. Ap-
plying <Z>i | = {öjöj) |,-=0 to (45) it becomes an 

equation for the one point ^-function rp¥ of the fermion, which reads for the integral average G1 in 
configuration space 

/ TT 2 \ 2 
tf = 6 - i - •• ) Gaß V^Gyo VjößFßV VixF,Q V^tf. 

2 ) 

In (46) we have already comprehended three terms (A 21) using the antisymmetry of V. 
The interaction matrices (4) are written in the form 

Kß VU '•= Vaßyö 

(46) 

(47) 

given explicitly in the paper of DÜRR and WAGNER 1 4 . In momentum space we get from (46) and from 
a respective Eq. (A21) for the momentum average Gi with (44) and (10) in usual matrix notation without 
spin indices 

w = - 6 ( 2 Ä F i Tß Vi t v F i revi~t(i) 

/ « / a 
72 d 4r d4.s / ' ( / + r — 

/ 2 G"(I + r -s)F"(r)Fe(s). (48) 

This equation holds for integral and momentum average (22) resp. (29) with the aid of the function 
e1 = 0 for integral average, 

|ei = 1 for momentum average. e : = (49) 

The momentum average has an additional factor / a p a / / 2 at each Green's function G(p). The factor 3 
follows from the momentum condition (15) (see App. 2). The spin matrices in (48) are evaluated to give 

A f 1 rß vi r v Fi revi = - ™ a (rß 9ve + rv9eß + r e 9ßV), 

— 3 (giß 9ve + QxvQqu + gtogw). 

(50) 

(51) 

The last equation holds, if (50) is applied to symmetrical expressions in (Xjuvq). We may use it since the 
integral in (48) depends on I » only. We obtain 

I x 

^ U ) : = -3 (9*ß9ve + QxvQqh + g^Qnv) "^ji+F LuvQ 

L^e 
r 

** J d4r d45 ( 1 , 1 - r -
/ 2 

(I — r — syrvse 
[ ( / — r — «)2]1+»-[r2 - x2][r2]2~ r[s2 - x2][s2]2~r ' 

(52) 

(53) 

(54) 

The lengthy calculation of the integrals is sketched We will use the eigenvalue Eq. (52) to determine 
in Appendix 3, where analytic expressions for the the coupling constant K 2 . For that purpose we 
corresponding functions L(X) are derived. identify the mass x2 of the fermion propagator F 



with the fermion mass eigenvalue 72 in (52) and 
obtain 

(Z /2*X) 4 = 2 / ( - 3 Z ( 1 ) ) . (55) 

The numerical results are discussed in Section 4.3 
and 4.4 for the pole resp. dipole theory. 

4.2. Boson mass eigenvalue equation 

The simplest boson equation results from (42) 
with o = 2 

If we define the Fourier transform (p̂ ß by 

$ 2 > = P 2 (S I 0 2 > + (56) 

In this case the first term already yields a nontrivial 
equation. Applying <7)2| = (ö2löj2) |y = 0 to (56) it 
becomes an equation for the twopoint 99-function 
cpB of the boson which reads for the integral average 
(51 in configuration space (A 22) 

Ä = - 3 ( - i Kpj G,xr Vßy Fyß v;tv Cfl. (57) 

d^p ~ 
(2?r)4 

B(p I) (58) 

we obtain from (57) and from a corresponding Eq. (A22) for the momentum average (£1 in matrix notation 
K 

<pB(p, I) = T ( ) r a Fi r3 Tr[F* Jd48<pB(8, I)] (I. V + I) > 
2* - G*(p + I)Fß{p). (59) 

( I , p + I) 
12 G«(p + I)F0(p) . (60) 

Performing an integration over p we obtain an algebraic equation 

? » ( / ) : = / d 4 p y B ( p , I ) = I T r [ F i ^ ( 7 ) ] { J j d ^ 

To fix the discrete quantum numbers the functional |02> has to satisfy the corresponding subsidiary con-
ditions. In our simple case of the two point function, however, it is convenient to introduce projection 
operators P f j (B = baryon number, S = spin, 7 = isospin) for <̂ 2 itself, which project on corresponding 
states14. 

Psi<xp,yö Ps'l'yöM = ^BB' ÖsS' <5ll' Psi*ß,x>. 

If we introduce the boson functions qv(X), ). := I2/x2, 

(61) 

. 4 »2 
j d 4 , 

(L I-p) 
n 

(.i-vY\ 1 1 
2 9 * ß - - i i - 9o W [(/ - p)2]i+r[p2 - x2][p2]2"' " 

ff2(A):=lgo(A) + fg i (A) 

we may write (60) in the form 

<P*W = ( 2 1 -Poo + K ) 9 O + (3F?0 + P ° i - 2 P 0 2 1 ? 2 ] ^ ( 7 ) . 

/ 2 J t f l U ) . 
(62) 
(63) 

(64) 

The calculation of the four integrals (63) is sketch-
ed in App. 3, where we derive analytic expressions 
for the gvfunctions. We will use (64) for numerical 
calculations of boson masses in the pole and dipole 
theory. 

In neither case we find solutions for B — 2. We 
expected that, because for meaningfull deuteron 
solutions the Green's function G has to be dressed 
to a physical mass first. Solutions for the vector 
bosons (S = 1) are to reject, since the correspond-
ing physical states would have negative norm be-
cause of the positive derivative of q\ (A) at the eigen-
value2 '2 3 . Therefore we are left with the scalar 

bosons (S = 0). We will calculate the mass of the 
^-singlett (1 = 0) and of the jr-triplett ( 7 = 1) which 
is degenerate because of the isospin invariance of 
our theories. 

4.3. Results for the pole theory (r= 1) 

The integral average (5* yields the fermion func-
tion LP1 (A) from (53) with 

7 , P i ( / ) = gln|A| + ü ^ 3 - l n | l 

_ ^nr y v a r c sin ̂ +3;2 ^ 
for For other values of X see (A37). 



The asymptotic expansions for A ->0 and A ± oo 
are given by 

1 
2A + 6 6 
1 , I n U i P i = _ — - f O(X) 

nA 
= i + + (65 ' ) 

Especially we have 

V* L pi(l) = -o" —-w- n = - 0 . 5 7 3 6 . (66) 

Therefrom we obtain the coupling constant of the 
pole theory 

{KP/2 ti x)2 = 1.078. (67) 

The momentum average cannot be applied to the 
fermion calculation, since the integral (54) diverges 
logarithmically for r = 1, e = 1. 

The boson functions qo, qi for the integral average 
are 

q$(X) = l n | A | + - ^ ^ l n | l 

= In I AI ~~ + 0(X 2) 

AI + 

(68) 

= >- + |ln|A| + 2\2 +0(X~ 3), 

(A) = In | A | — In 11 — A | — j -

= ln|A| + y + | A + 0 ( A 2 ) 

We obtain with (55) the boson masses 

m v [ = 0.33*, wig1 = 1 . 0 4 * . 

(69) 

(70) 

A^ is small in all cases, hence we may calculate m n 

with sufficient accuracy from the asymptotic ex-
pansion of qo: 

qo (A) In | A | — c (71) 
leading to 

\c (2 71 mn «a * • exp 2 — 2 I z I . (72) 

The experimental values are for * = nuclon mass 
m exp _ 0 . 1 4 7 * , m^ p = 0.585 K. (73) 

The calculated masses (70) are too big, since q^ has 
apart from the singularity at A = 0 another one at 
A = 1. Therefore gg1 is too small in the important 
region (see Fig. 1). 

Fig. 1. Pole theory: Fermion function Lp (A) and boson 
functions ql (A) of the scalar bosons. q\l for integral aver-

age, ql5 for momentum average. 

The corresponding gjjq function of the momentum 
average does not have the singularity at A = 1 be-
cause of the additional factor (I, I — q)jl2 in (62). 
Hence is larger than gß1 (Fig. 1) and we expect 
better mass eigenvalues. 

We calculate the gPQ-functions for the momentum average 

9oq (A) — In | A | 

= In I AI 

(4 — A — A2) (1 — A) In 11 — A | 

l + Y + Om=± + pn\X\ 

A2 + X 
_ 7 4 
2A2 A3 In I AI + 0 ( A - 3 ) 

q™{X) = y In | A| + -jjp (4 + A + A2) (1 — A) In 11 — A| + ~ - ~ 

= + + ° ^ = ( - i + 3 l3) l n UI + W + 0 ^ 

(74) 



and obtain the boson masses 

m™ = 0.28 x , mP* = 0.85 * . 
L* i ( i ) 

(76) 

3 j/3 
16 ti - - g- = - 0.6247 (77) 

The momentum average allows no calculation of 
the coupling constant in the pole case, but one ob-
tains slightly better boson masses as discussed be-
fore. 

4.4. Results for the dipole theory (r = 0) 

The integral average yields from (54) with e = 0 
the well known fermion function L of Heisenberg's 
theory2 (A39) with 

and the corresponding coupling constant 

( K ^ f 2 n x ) 2 = 1.034. (78) 

The momentum average yields another fermion 
function (A40), but the corresponding L d ( i ( l ) 
is positive and we get no real coupling constant. 

For the boson calculation too we obtain for the 
integral average the well known functions of 
Heisenberg's theory 2 

1 
3f(A) = ln|A| - ^ ( 1 - A ) 2 l n | l - A | - - j 

3?(A) = ( l - | - A ) l n | A | + 3 ^ - ( l + 2 A ) ( l - A ) 2 l n | l - A | + | 

= ( l - } A ) l n | A | + i - + | A + 0 ( A 2 ) = g ^ l n | A | + \ + - j ^ T + 0 (A*3) 

Hence we get the old result 
m f = 0.31 x , 

The momentum average yields the functions 

raj1 = 0 .92*. 

q*<* (A) = In | A | + ^ (1 - A)3 In 11 - A | + ~ 
11 

5 
2A 

= I n _ _ + T + 0 ( A 2 ) = _ + _ _ _ l n | A | _ _ _ _ _ + o a - 3 ) 

(79) 

(80) 

(81) 

(82) 

-g^g- (1 + 2 A) (1 — A)3 In 11 — A | 3 A2 + 6A + 3 (83) 

= In I AI 3 ~ 18 ^ + f A + 0(A2) = ( 4 + 3 V - - 3 1 r 3 ) l n | A | - f ^ - 1 ^ - + 0 (A - 3 ) , 

and if we use the coupling constant of the integral 
average 

= 0.36 * , = 1.06 * . (84) 

Thus the integral average yields exactly the re-
sults known from the old calculations. We expected 
this, since the integral average leads to the sym-
metrized (^-function system and we used the same 
approximation method. In the NTD-approxima-
tions you have to symmetrize the equations by 
hand2, whereas with the new integral average only 
symmetrical equations arise. In the algebraic Eq. 
(52) and (60) of the lowest approximations this does 
not matter, since the corresponding momentum in-
tegrals are symmetrical anyhow. 

We may understand the failure of the momentum 
average in the dipole case in the following way: 
F (6) and G (10) are very different (r = 0!). For large 

momenta we have G (p) aa (p2)2F(p). The dipole may 
be a too strong regularization. This difference be-
tween F and G is even enlarged by the momentum 
average, since G(p) is multiplied by another factor 
(Ip)/12 and in the equations occurs p^pv/p2. The 
simple pole of G is further weakened. On the other 
hand you may expect better results by such a fac-
tor, if the dipole of F is weakened, i.e. if this factor 
occurs at F. Indeed, the numerical results of such 
an jF-average show a correction to lower boson 
masses. 

To obtain approximations with factors ( I p ) j l 2 at 
F(p) we pay attention to the equation 

(1-9,1) 
I 2 G (I — q) F (q) (85) 

(q, I) 
+ 0(1 - q)^~LF(q) = G(I - q)F(q) . 



With (85) we find from (62) for the lowest boson 
functions 

i(gQ + g*) = ffi. (86) 
Therefore the boson functions of the integral aver-
age are half the sums of the resp. functions of 
momentum and .F-average. Since the momentum 
average gives larger boson masses than the integral 
average, the .F-average gives smaller ones (see Fig. 2). 

In functional form like (19) such an F-average 
may be obtained in the following somewhat artifical 
way. |0> satisfies (22) and (29) and therefore a 
combination of both equations too 

|0> = {(1 4 - a ) e i - a ß « } | 0 > . (87) 
Of course it is not in the spirit of a unified theory 
of elementary particles to introduce a new para-
meter. But for the special purpose of weakening the 
dipole it may be allowed. We get the F-average 
with (86) from (87) 

|0> = ( 2 @ i - g i ) | 0 > = : ( F | 0 > . (88) 
The calculation of the corresponding fermion 

function LdF (A41) yields 

= + 1 . 6 7 7 . ( 8 9 ) 

Therefore we get a real coupling constant 
(KdFl2jtx)2 = 0.6305. (90) 

The corresponding boson functions are calculated from (86) 

g f ( A ) = In | Aj _ - l - ( l + A ) ( l - A ) 2 1 n | l - A | - ^ + ^ 

= + + = + + (91) 

3 f r a ) = ( y - - § - A ) l n | A | + 3 ^ - ( i + 2A)(l + A ) ( l - A ) 2 1 n | l - A | + 3 V + ^ + y 

= ( i - | - A ) l n | A | - f § A + 0(A2) = ( - | + 3 ^ ) l n | A | + 2 ,I + 0(A-2), (92) 

and we obtain the boson masses For comparison the calculated coupling constants 
mdF = 0 08* mdF = 0 58* (93) anc^ ^oson m a s s e s a r e shown in a table. 

11 One has to prefer the average by means of the 
Hence this jP-average yields even a too small yr-mass. functional integral (S1 since this method is always 

Table 1. Coupling constants and boson masses. The values in brackets are calcu-
lated with the coupling constant of the integral average. 

theory average method [Kßn x)2 rrijtlx nin/x 

pole integral & 1.078 0.33 1.04 
pole momentum & integral diverges [0.28]« [0.85]' 
dipole integral & 1.034 0.31 0.92 
dipole momentum (i? imaginary [0.36]« [1.06]' 
dipole F-average GF 0.630 0.08 0.58 
experimental value 0.147 0.585 

weakened dipole. 



applicable, whereas the momentum average Gl may 
lead to divergences even in a superrenormalizable 
theory. The F-average is only a specific tool handl-
ing the dipole case. 

You should have in mind that the various aver-
age methods must lead to the same eigenvalues in 
higher approximations. The great differences there-
fore hints at the low accuracy of the approxima-
tions used. 

5. Selfconsistent Calculation of the Fermion 
Propagator 

We find an important difference between pole 
and dipole theory, if we do not consider eigenvalue 
equations only. There we found a similar behaviour, 
because the £o-term dropped out in our approxima-
tions. Calculating the fermion propagator, however, 
the po-term becomes essential. In the pole theory 
it is present even with the indefinite metric (see 
App. 1). Therefore one is able to determine the 
fermion propagator out of the theory. 

Really, one should calculate F from the ^-func-
tional which contains only the connected parts of 
the T-functions14, but in our approximations we 
may start from the ^-functional (12) for the vacuum 
state and use Eq. (13). We symmetrize (13) with 
the aid of the integral average (29), since we got 
a coupling constant with this method only. With 
the approximation used in our fermion calculation 
we obtain Eq. (46) again, in this case for F. The 
only difference is an additional ^o-term which did 
not occur in (46) because of <01 Boson) = 0. 

Fax = r QOGolz (94) 
i-iK2 
i 2 6 Gyß Vßy Gyö Vötl Fßv Vlx F/g VJQG Far 

With the notation of Sec. 4.1 this may be written 

F = r Q 0 G - j ( 2 * J l F . (95) 

In the pole theory is r = 1 and we obtain 

F = 
r go G 

(96) 

In the dipole theory we would derive F = 0 from 
(96). One then has to extract another inhomogeneous 
term out of higher 99-functions14 to replace goG in 
(94). Moreover, one finds that in (95) both sides be-
have differently for large momenta in the dipol case. 

To avoid this logarithmic inconsistencies the dipole 
regularization has to be replaced by a weaker one9. 

In the pole theory such problems do not occur. 
To calculate F from (96) we notice that L depends 
quadratically on F (94). Equation (96) hence is a 
complicated nonlinear equation for F, i.e. for the 
spectral function g (ra2) of F. As a first step of solv-
ing (96) we will consider it as a selfconsistence re-
quirement. Therefore we replace g(m2) by a d-func-
tion at the nucleon mass again (44) and calculate 
the right hand side of (96) for later comparison with 
our ansatz (44). We obtain 

qoT"PV 
i2 FR(P) 

V ' 
(97 

L is a short notation for Lp* of (65) resp. (A37). 
This L yields the special values 

dL 
L( 1) 0.5736, 2/(1): : SA = 0.8138, 

L0 : = aZ(A)) |A=0 = - b L o o : = (?,2L(X)) |A=00 = 1 

(98) 

FR has a pole for a finite p2. We choose K2 accord-
ing to (55), then Fr has this pole for p2 = y2. We 
obtain the residuum at this pole by expansion of L 

R e s Fr(p2 = y2) = 
o0rrprL{ 1) (99) * 2 ( - Z / ( l ) ) * 

According to our ansatz (44) this residuum should 
be Fvpvl%2- Comparing with (99) we obtain 

Q0 = L'(i)l(-L(i)) = 1.419. (100) 

This £>0 corresponds to the wave function renor-
malization constant Z^ 1 of a canonical theory, 
where Z2 has to be less than 12 5 . Since we are able 
to formulate the pole theory in a canonical manner 
(App. 1), we had to expect (100). Because of the 
singularity of L for X = 0 (98) FR has a simple 
pole for p2 = 0 which has a negative residuum. 

R e s FR{p2 = 0) = 1.628 R e s F{p2 = 0 ) . (101) 

Finally, for large momenta Fr is proportional to 
F. No logarithmic inconsistencies do occur. 

FR{p2->oo) = 1.419 F ( p 2 - > 00). (102) 

The calculated Fr hence shows a remarkable 
agreement with the ansatz (44), after we arranged 
the finite pole and the residuum at this pole. FR not 
only reproduces both poles for p2 = y2, 0, but also 
FR yields the negative sign of the second residuum 
and the correct asymptotic behaviour for p2 -> 00. 



We suppressed the cuts from the mass zero poles 
of F and G, hence Fr has only the poles discussed. 
A physical 3-particle cut from p2 = 9x2 will ap-
pear only after dressing the Green's function to a 
physical pole for p2 — y2 in higher approximations, 
where we expect G => F, that means the pole theory 
gets one propagator only. 

I wish to thank Prof. H. STUMPF for many helpful dis-
cussions about functional quantum theory. 

Appendix 

1. Canonical formulation 

The functional Eq. (3) corresponds to a nonlinear 
field equation for the eight-component Hermitean 
Weyl-spinors isospinors ip 

Daß ipß = Voißyö • Vß Wv W6'-- (•A1) 

D and V are defined in (4) resp. (5) of the text. The 
colons indicate the Wick product of the operators, 
i.e. the time-ordered vacuum expectation values 
are subtracted 

Volßyö • ffßWvWö '•= VxßyöbpßWy^ö — 3 Fßyipö] • ( A 2 ) 

Both theories may be reformulated in terms of 
canonical fields. That does not lead to any new 
physical consequences, but we get some better in-
side into the structure of the theories. Particularly, 
we may understand the different role of the inde-
finite metric in both cases. 

Let us consider the pole theory first. The spinor 
potentials satisfy noncanonical commutation rela-
tions 

{ v 5 , v ? } i . - i , = { e t vS. = o , (A3) 

{e l ^ ' ^ 1 u-t,= d*ß 03 (*a ~ Xß)
 • 

Differentiating ip P we obtain a field yr> satisfying 
canonical commutating relations 

Xa: = • Kß Vß = riß b {Xtx - Xß)-fx, ^ , ( A 4 ) 

ill » X%«=b = QG < W ^ (xcl — Xß). (A 5) 

Neglecting possible inhomogeneous terms we get 
from (Al ) a field equation of first order for the 
canonical field 

( A 6 ) 

Dl is the operator D1 (A4) with r instead of r, FP 
is a nonlocal vertex 

c c c c c 

V*ßyö '•— GdiOL'Gßß'Gyy'Gfiö' Vx'ß'y'tY ( A 7 ) 

with the canonical Green's function 

G,ß : = imäß1 = i J H p e - ^ * - ^ ( A 8 ) 

c 
The contraction function F has its usual canonical 
form 

(A 9) 

= i J dm2 e (m2) J . 

Comparing these formulae with the respective 
ones for xp, all r and F are exchanged. 

Up to this point you may treat Heisenberg's di-
pole theory similarly with 

< A 1 0 > 

The %d again satisfy the canonical commutation 
relations (A 5)24 and a field equation of first order 

D^xi=hys-xhyxs--- ( A H ) 
c 

But in this case F d is an unsymmetrical vertex. In 
momentum space we obtain 

Vißyö = „2^2 „2 Fa ßyö • ( A 12) 
Fe Fv Fe 

C 

The unsymmetrical form of F d reflects the different 
behaviour of G and F for big momenta. In contrary 
to the pole theory the canonical vertex (A 12) con-
tains p2 in the numerator, i.e. a differential operator 
in space-time, destroying the canonical character of 
the theory again. To understand this let us apply 
(All) to a time-ordered product of two %d for ex-
ample 

DißTXdßXi = TD«ßXßXi + - **){&> Xi) 

= TVZßvö--XßXdvXi--xi + iQoö«ß. 
(A13) 

Here we have the po-term from the canonical com-
mutation relations (A 5) for yA. But to derive an 
equation for the r-functions we have to commute 
the time-ordering operator T with the vertex. This 
is possible with the original form (4) of V and with 
the nonlocal vertex (A7) of the pole theory too, 



since they contain no derivatives. But because of 
c 

the factor p2 in (A 12), F d does not commute with 
T, and a careful investigation shows that we pick 
up another po-term compensating the po-term in 
(A 13): 

DU T X ß X i = Vaßyö T-.XßXyXi- 'Xi- (A 14) 

Therefore we get a functional equation again with-
out any ^o-term i.e. an equation like (3) with r = 0 
in spite of the canonical commutation relations: 
One cannot change the character of a theory by 
mere reformulation. This pseudocanonical form of 
the dipole theory as well as the noncanonical form 
allows no simple calculation of the fermion pro-
pagator. 

In the case of the new pole theory, however, the 
£>o-term is not compensated and we have a canonical 
theory with a special nonlocal interaction, the poles 
of which do not correspond to physical particles. 
Therefore the selfconsistence considerations of Chap-
ter 5 are successfull. 

2. Symmetrical r-function systems 

To illustrate the functional average methods of 
Chapter 3 the corresponding symmetrized r-equa-
tions are given in a graphical representation14. 

: = G, 

:= F, 

:= " f v , 

J J j S : = T ( . 
(A 15) 

In the case of the momentum average we use 
further 

(A16) 

The functional Eq. (11) is represented by a sys-
tem of r-equations, we will write down as an ex-
ample the T3-equation: 

= A - = 3 ] ( > - » - < ] , < A I 7 > 

The more complicated 99-equation (13) is obtained 
from (A 17) by contracting out all possible F 
(see14). 

By the integral average (29) we simply obtain the 
symmetrized Eq. (A 17), i.e. 

( A 1 8 ) 

Before writing down the equation for the momen-
tum average, we rewrite the momentum subsidiary 
condition (16) 

+ (A 19) 

In the case of the momentum average hence from 
the TFT-function originate n terms, each with a factor 
p*1 at one leg. That gives the factors 3 and 2 in (48) 
resp. (59). The momentum average (22) requires the 
iteration of exactly that leg the factor p^ is stand-
ing at. This yields 

(A20) 

The mass average (21) may be illustrated in a simi-
lar manner. Because of the two-fold iteration re-
quired the equations are more complicated and we 
do not write them down. 

The approximation method (43) yields the eigen-
value equations 

-0 - (@-e*e) -a 
integral average 

-a = -a 
momentum average 

- - i ( x f l + x a ) 
integral average 

= 0 - - ' • ( » < ] • » < ] ) 
momentum average 

The selfconsistence Eq. (94) reads 

(A21) 

(A22) 

'?0 1 " 6 — © J 

- 1 

(A23) 

3. Calculation of the integrals 

3.1. F e r m i o n i n t e g r a l s 

The twofold convolution integral (54) diverges for 
r = 1, e = 1 logarithmically. We have to calculate 
the other three. They certainly exist for 

X = /2/*2 < 0, 



since they have no singularities in this region. For the whole upper or lower halfplane. For possible 
X ^ 0 branch points occur for X = 0, 1, 4. We will consequences of such nonanalytic singularities to 
not discuss the complicated structure of the cor- the causal structure of the theory we refer to the 
responding Riemann surfaces26. The physical sheet, literature16. 
however, is reached from A < 0 by analytic con- In our approximative calculations there are no 
tinuation. If one extends all cuts along the real physical cuts at all, hence we may use the simple 
axis to + oo, the physical sheet is defined by the prescription: Calculate all integrals with Feyman's-
usual i e-prescription in the denominators. All this i e and take the real part afterwards. This yields 
branch points arise from unphysical mass zero par- the absolute values in the logarithms of the qi and 
tides, hence we suppress the corresponding imagi- L functions, 
nary parts. Then the integrals are not analytic in 

For explicit calculations we join denominators by 
l 

1 1 (n + m + l)\ f ar»( l— x) 
a n+1 fcn+l n \ m \ 

0 

and remove momenta in the numerators by 
( P - q ) " 8 1 

fdx * » ( ! - « ) » f A 2 4 , 
J [ax + b (1 - z)]«+m+2 A 

[(P ~ q)2 - ™2]n da» n+ 1 [(p - q)* - (a, p - q) - m2]n+i | a<i = 0 • ( A 25) 

The arising integrals have less powers of momenta in the denominators than the original integrals, 
hence they may diverge. They are calculated by 

d*p I p a _ a = — i j r 2 a l n a + c 0 + c i a ( A 2 6 ) 

since the indefinite constants disappear after the differentiation (A25). Finally one has to evaluate the 
parameter integrals (A 24). 

The integral average yields (54) 
( x 2 ) 2 - r r (J_r_s)urvsg Jv Je 

^ T - J * 4 r *** [ ( / _ r _ a)2]l+r[r2 _ [ r 2 ] 2 - r [ s 2 _ x 2 ] [ , 2 ] 2 - r = : ^ ft/" + 9™ * + I " ) + LI — p - , 

( A 2 7 ) 
6 10 

L l = ö l ^ ' L 9 = Y J X L ° - (A28) 

With (53) we obtain the fermion function L{ 

U (X) = ^ (3 + X ~ Lo (X). (A 29) 

Finally, we have to calculate in the pole resp. dipole case 
1 

LV0{X) = j dxdydtdzt\n[xz + y{ 1 — z) — Xtz{ 1 — z)], (A30) 
0 

L ' M = / « t o d y d t d » . , ; - ^ 1 - ^ . (A31) 

Usually it is convenient not to calculate Lo directly but to use (A29) at a suitable point during the cal-
culation27. In the dipole case, however, we need Lo for the momentum average, too. In this case we have 
to evaluate 

d 4 r d 4 Ä ( J - r — H J - r -
Q T A 6 _ R _ S ) 2 [R2 _ „ 2 ] |>2]2 [S2 _ XS] [Ä2]2 • V A ) 

y.2 r 

From (A32) arise in an expansion analogous to (A27) five different functions instead of two. But observing 
that (A 32) vanishes if contracted by gßV we obtain for the fermion function L d i after some calculations 

Z d q = Tx ( * + 3 A •&•) ' { A 3 3 ) 



Before writing down the Z-functions explicitly we introduce the functions 

* , ( * ) : = ( J ^ + J ^ ) ' , ( A 3 4 ) 

X 

S 2 (A) : = - / y l n ( l - f ) d * . (A36) 
o 

A should be replaced by A + ü in (A 34—36). We need the real parts on the physical sheet only and 
obtain after e + 0. 

Re Rx (A) = 4 | / [X (X- 4 ) ] ( - A) Arsh J ^ A _ 0 ( 4 1 _ 42) a r c sin ^ — 0(A — 4) Arch ^ } , (A 34') 

Re i?2 (A) = 16 {0 ( - A) Arsh2 - 0 (4 A - A2) arc sin2 + d (A - 4) (Arch2 - ^ ) } , (A35') 

Re S2(A) = - 0 ( - A - f 1) ( t + | I n « ( - A) + J ^ I \v ) 
o o j f 2 1 0 0 1 1 1 

+ 0 ( A 2 - l ) 2 i + 0 ( A - l ) " — - In2 A — 2 I • I • (A36') 
l 1 3 2 ^ A" , 

In the pole case we obtain 
Lv (A) = { In | A | + (1 g " / 3 In 11 - A | + - ^ j f R e (*> + 3 V (A37 

and especially Eq. (65). 
In the dipole case we obtain 

Ld0W 
( 30 , 40 47 ^ , , A2 \ D D . . . 

+ X — — 7 A + - 4 - J R E - R I ( A ) 360 

+ - x - 11 + 29A - A2) (1 - A) In 11 - A| - ^ + 47 - A 
5 15 + 3 ( | 2 - i l + 5 - J AJ Re i?2 ( A ) + 6 0 ( 2 - A ) (Re S2 ( A ) ( A 3 8 ) 

+ (— 60 A + 15 A2 — £ A3) In | A | 
and with (A29) resp. (A33) the fermion functions 

L d i U) = J 7 2 ( - 6 - A - 7 A2 + f ) Re (A) + - 1 " f Re iü2 (A) 48 A2 \ / l 1 2 / 1 16A2 

2A2 (7 - 9A + 15 A2 - A3) (1 — A) In 11 — AI + ^ U 
l 

48 (— 24 + 16 A — A2) In IAI — * ( l ie Sa(A) + ( A 3 9 ) 

= - 2 ln|A| + + 3 In A - J A + 0(A2) = ~ ( l n 2 A + In A - T T 2 + { + •••) 

£<iq(A) = ^ ( _ 26 - 16A - 19A 2 + A 3 ) R e i?I (A) 

+ i s + x + 4 0 - 2 A ) ( l - A ) l n | l - A | 

+ 16 ( - 1 + # + T - 2 ) R e + n r ( R e 0 2 ^ + F ) 

+ 4 8 - 4 8 + 2 1 A - A 2 ) ( l n | A | + J L + I® _ 2) (A40) 
1 / -T 2 1 \ 1 Q -T 2 7 

/ : T + 1 - l n A + * " + * AlnA + Otf ) A \ 12 1 4 / k 1 12 6 1 16 

4 ' 2 (3 In2 A — 6 In A — 3 tz2 — 4 +•••) 



The fermion function LdF(A) of the F-average is obtained from 
LdF(X) = 2Ld l (A) — LA^(X). 

We will not write it down explicitly. 

3.2. Boson integrals 

For the integral average we have to calculate (62) with e = 0. 

With the parameter integral 

• / a . jri „aß _i_ 
? ) 2 ] 1+r [ g 2 _ x 2 ] [ ? 2 ] 2 - r ~ a V ^ I J2 

K*(X)=- 2 f d * d y — ^ 
( l - x ) ( l - y ) 

y 

l - r . 3 
, K\ — 2X K\ 

8A 

we express the boson functions of the integral average: 

ql (A) = ( l - A E* (A), q\ (A) = ( l + A JTj (A). 

Explicite evaluation of (A 43) gives 

K* = U - l n ( _ X) - — 3 l 2 — l n ( l + 

and from the real parts of (A45) resp. (A46) we obtain the formulae (68), (69) resp. (79), (80). 
For the momentum average we proceed similarly. We have to calculate (63) with e = 1. 

/ d4?[(/5^x42-^2-, =:K0(g*ßIr + g^r Iß) + K.gßr I« + K2 

With the parameter integrals 

W i r 
/ 2 

ÜTo(A) = - 4 J d x d y ^ 
0 

1 

= + 4 / c h d y 

( 1 - ^ ( 1 - y ) 
y 

(1 — x)(l — y) 

l - r 

l - r 

ÜL2 = 2 A -gj- K 0 

(A 41) 

y 

we express the boson functions of the momentum average: 

q$ = I (K0 - JTi - 3? = 2 Z 0 - g0-

(A 42) 

(A43) 

(A 44) 

(A 45) 

(A46) 

(A 47) 

(A48) 

(A 49) 

(A 50) 

To obtain the explicit formulae (74), (75) for the pole and (82), (83) for the dipole theory, we evaluate 
the parameter integrals: 

Kl = | l n ( - X ) - 32A3 (2 + X) (1 - A)2ln(l - A) - + A 

K \ = - ~ In (—A) - 3*3 (1 - A3) ln(l - A) 

^ 8 = 1 4 - -
4 A 

2 

(1 - A)4 

3 A2 3 A 

1 
3 - y l n ( - A ) + 3 ; i3 l n ( l - A ) + z x t 6 A • 3 , 7 + 1 

+ TT l n ( - A ) 
(1 4 - A) (1 — A)3 

3 A3 l n ( l - A ) + 

(A51) 

(A 52) 

(A53) 

(A 54) 
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On the Functional Definition and Calculation of Global Observables 
in Nonlinear Spinor Field Quantum Theory 

H . STUMPF 
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(Z. Naturforsch. 27 a, 1058—1072 [1972] ; received 11 February 1972) 

Nonlinear spinor theory contains unobservable field operators which cannot be identified with 
free field operators. Therefore for the comparson with experiment a theory of observables for 
nonlinear spinor fields is required. This theory is developed for global observables by means of a 
map into functional space, and leads to a functional quantum theory of nonlinear spinor fields. 

Nonlinear spinor field theory with noncanonical 
relativistic Heisenberg quantization is an approach 
to a unified microscopic description of matter1-2. 
Therefore, in general its spinor field operators (x) 
cannot be identified with a special free matter field 
of conventional Lagrangian coupling field theories, 
i.e. the spinor field operators are unobservable 
quantities in a more general way than is assumed 
usually. As the physical observables have to be de-
fined with respect to the observable quantities of 
real matter, like asymptotic free particles etc., they 
can be represented simply only by field operators 
having a direct physical interpretation. As this is 
not the case with the nonlinear spinor field, one has 
to expect therefore a rather complicated connection 
between these observables and the operators Waix). 
From this follows that the methods of construction 
of observables provided by coupling theories, and 
even in the wider sense by conventional quantum 
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field theory, do not suffice to solve this task cor-
rectly for nonlinear spinor theorj^. This is shown in 
detail in 3 and has been ignored so far. The ignorance 
of this fact is one of the reasons why dynamical 
calculations in this theory have not led to a con-
siderable progress in the last decade. Therefore a 
special theory of observables is required to obtain 
meaningfull physical informations from nonlinear 
spinor theory. Theoretically, the set of observables 
is given by local and global quantities. Global ob-
servables are defined by the maximal set of simul-
taneously diagonalizable group generators of the 
corresponding symmetry groups and by the S-ma-
trix. Local observables are functionals of the field 
operators on the position x. As all observations in 
microphysics are done really by scattering proces-
ses, local observables are not required in principle 4. 
Therefore, for a high energy quantum theory the 
definition and use of global observables is sufficient. 
In the following we develop therefore a theory only 
of global observables for the nonlinear spinor field. 
It will be shown that such a theory is provided by 


